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Abstract
We present a new approach for characterising the shape and the spatial relationships of different categories of density in mam-
mograms. Descriptions of regions are encoded using a forces histogram method and across-image variation is captured using
functional principal component analysis. We evaluate the association of the features with breast cancer based on a pilot case-
control study using logistic regression with percent density, age, and body mass index included as adjustment variables. The
spatial relations were signiﬁcantly associated with breast cancer status (p= 0.009). Our approach can provide insights into the role
of different density regions in the development of breast cancer.
© 2016 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Organizing Committee of MIUA 2016.
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1. Introduction
Breast cancer is the most common cancer diagnosed in women and despite clinical advancements, in the nordic
countries, around 20% of breast cancer patients still die of their disease. The most established image-based risk factor
for breast cancer is Percent mammographic Density (PD). This is classically evaluated as the ratio of the ﬁbroglandular
tissue area over the surface of the entire breast in a mammogram1. Volumetric measures of PD, obtained from a 2D
image by, for example, placing phantoms between the plates of the mammography machine to act as a reference from
which dense tissue thickness can be estimated, have also been developed. It is not clear which type of measure is
optimal for risk prediction2, but, in general, women with high PD (> 75%) have an approximately 6-fold increased
risk compared to women with very low PD. Besides PD (or the absolute dense area/volume) there is likely to be
additional relevant information which can be extracted from the mammogram. A number of studies have tried to
measure heterogeneity of the parenchymal pattern by using texture-based methods ranging from simple (e.g.intensity
histogram), to complex (e.g. based on scale space features). Texture features can be extracted from the entire breast
region3 or from speciﬁc regions of interest, such as the retroareolar area4, the central area of the breast or across a
lattice covering the breast.
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Fig. 1. Illustration of image segmentation. The original image (in (a)) segmented into 4 regions using fuzzy c-means is in (b) and using Otsu’s
method is in (c), where the colours dark blue, blue, yellow and red correspond to fatty, semi-fatty, semi-dense and dense tissue regions respectively.
It is also interesting to study the spatial distribution/shape of dense tissue in the breast and its relationship with
breast cancer risk. It has been suggested that the relative distribution of adipose and ﬁbroglandular tissue is involved
in breast cancer development5. There are, in fact, multiple ways to describe the spatial organisation of objects inside
an image, the most basic relying on qualitative measures such as "to the right of", "close to", or "surround"6, which are
examples of directional, distance and topological descriptions. Keller et al. 7 measured the distance from the centroid
of a segmented region of dense tissue to the skin line. Since the relations between two objects is rarely absolute,
fuzzy logic may be useful for assessing the degree of truth of a given relation. The noteworthy histogram of angles8
encapsulates the fuzzy directional relations of all considered directions and several methods stem from this approach9.
The forces histogram10 (FH) is a quantitative fuzzy spatial relation description taking into account the directional and
the distance relationships as well as the shapes of the objects. The FH approach has been applied to lung CT images
to classify lesions according to their relative position with anatomical landmarks11. In this article we describe how it
can be used to comprehensively assess whether the spatial organisation of different regions of tissue, or the shapes of
these regions, is associated with breast cancer risk.
2. Methods
We start our methods description from the point at which the breast region has already been segmented (i.e. tags,
background and pectoral muscle have been removed). After segmenting the breast into regions according to the
density, we used the FH approach to capture the shape and spatial relations information. We captured the variation
inside the set of FHs using functional principal component analysis12 and assessed associations between principal
components and breast cancer status by ﬁtting logistic regression models.
2.1. Segmentation of regions of density
Segmentation of regions within the breast, on a mammogram, is an important and challenging problem and methods
are under continual development13. The number of regions/density categories used in the literature has varied widely13
(anything from two to thirteen) and its choice is likely to vary according to the purpose for which the regions are used
(e.g. for quantifying density amount, texture or spatial organisation). Here we segment the breast into four regions,
which is a common choice and is the same number of regions used in Wolfe’s original parenchymal patterns14 (known
as N1, P1, P2 and DY) for categorising according to both the extent of densities and their characteristics (prominence
of ducts and dysplasia). Four regions, representing very dense tissue, dense with structures (ﬁbrotic stromal tissue
and glandular tissue), fatty tissue (Wolfe’s normal breast pattern, N1), and fatty breast edge, have also been used in
studies of textural features15.
We have used two methods to see how sensitive our overall analysis is to the choice of segmentation algorithm,
the ﬁrst being the fuzzy c-means (clustering) method (Fig. 1 (b)) and the second being Otsu’s (global thresholding)
method (Fig. 1(c)). Both are considered to provide accurate, albeit somewhat different, segmentations13.
2.2. Shape and spatial relations measurement
To comprehensively measure the relative positions of the different regions of tissue and summarise their shapes,
we use the FH method16. Although the idea of the FH is elegant, its computation is demanding and complicated. Here
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we describe the basic steps and illustrate its principle. Figure 2 (a) represents two regions/objects A (red) and B (blue),
which in the context of our work represent two regions of homogeneous dense tissue. The FH plots measurements
obtained by sweeping across the image using a series of parallel lines, along an angle θ. These parallel lines (at an
angle θ) are drawn over the image in a way such that every pixel in the image will be touched by exactly one line
(Fig. 2 (a)). This is done using Bresenham’s line drawing algorithm. For each line a weight is calculated as the sum
of the inverted squared distances between all pairs of pixels (such that one of the pixels belongs to the ﬁrst object and
the other pixel to the second object). Distance is measured as the Euclidean distance between the two pixels being
considered. The inverse of the squared distance is used in order to place most weight on the closest pairs of pixels.
The value of the FH along the angle θ is the sum of the weights of all the lines in that particular direction. This
procedure is repeated across a range of angles between 0 and 2π. The computation of the FH requires pre-setting a
single parameter, representing the number of angles. This value deﬁnes the length of the histograms and the angular
precision of the measure. In addition, it plays an important role in the complexity of the FH computation which is
O(an
√
n), where n is the number of pixels in the image and a is the number of considered angles. We can summarise
the computation of the spatial relations FH between the two regions A and B by
F AB2 (θ) =
∑
Cθ
∑
a∈{Cθ∩A}
∑
b∈{Cθ∩B}
1
d(a, b)2
,
where Cθ is the set of all lines with an angle θ cutting through both objects and d(a, b) is the distance between the
pixels a and b. {Cθ∩A} is used to represent a set of pixels (a) in object A through which lines in Cθ pass (and {Cθ∩B} is
used similarly). Due to the symmetric property of the FH10, the spatial relationships between B and A can be derived
from the FH between A and B.
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Fig. 2. Illustration of the computation of the forces histogram between the objects A (red) and B (blue). (a) shows both objects and the parallel
lines along one speciﬁc angle, θ = 18 °. The forces histogram (with angles between 0°and 360°) describing the spatial relationships between A and
B is in (b). The bin highlighted in magenta corresponds to the angle θ = 18°.
In addition to describing spatial relationships, the FH can be used to describe the shape of (segmented) regions17
by computing the histogram on pairs of pixels within the same region. In this case, unit weights are attached to the
pixel distances, i.e. we simply count the number of pairs of pixels falling on lines placed at an angle θ.
Since we segment images into four regions, each mammogram is described by ten FHs, six (4 choose 2) represent-
ing the relative positions of the different pairs of regions and four measuring the shape of each region. An example
of FH descriptions for a mammographic image are shown in Fig. 3. Because the FH measuring the relative positions
of two objects takes the distance between them into consideration, the further apart the two objects are, the lower
the magnitude of the measurements will be; see Fig. 3 (c). The amplitude of the FH measuring shape is positively
associated with the size of the object, but the actual shape description is not affected by object size and it is therefore
straightforward to normalise these FHs if required. In addition, the FH for the shape description is π-periodic (see
Fig. 3 (b)), thus the shape FH (but not the spacial relations FH) can be computed for the angles between 0 and π to
save memory and computation while removing redundant information.
2.3. Statistical analysis
To summarise the information in each FH we use functional principal component analysis12 (fPCA). We view the
FH as a function of the angle θ; Fig. 3. fPCA attempts to characterize the dominant modes of variation of a sample of
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Fig. 3. Example of FH descriptions of mammogram. (a) shows an image segmented into four regions (fatty (1), semi-fatty (2), semi-dense (3)
and dense (4)) using fuzzy c-means method. The FHs describing the shapes of each region are in (b) and the FHs describing spatial relationships
between pairs of regions are in (c).
functions around an overall mean trend function. We carry out a fPCA on each FH using the method included in PACE
(a Matlab package for functional data). This method18 ﬁrst estimates the mean and the covariance functions using
scatter plot smoothers that remove measurement errors, and then estimates eigenvalues and eigenfunctions. In the last
step, conditional expectation is used to provide predictions of the functional principal component (fPC) scores. This
process transfers functional data to K-dimension multivariate data consisting of the ﬁrst K fPC scores. We evaluate
their association with case-control status using logistic regression (case-control status as dependent variable and fPCs
as independent variables). We include age, body mass index and PD as adjustment variables. Logistic regression
models are ﬁtted in R. We test association with spatial relations and shape fPCs separately using likelihood ratio
tests. P values less than 0.01 are considered statistically signiﬁcant - this threshold is a conservative one since we
carry out very few (four) tests in our main analyses, and these are by no means independent. Based on the fPCs,
we use the modes of variation12 for the FHs to visualize and describe the variation in the FHs contributed by each
eigenfunction. The set of functions for the modes of variation that are viewed simultaneously over α ∈ [−2,+2] are
given by V(k) = μ(θ) ± α√λkφk(θ), for the kth retained fPC, for the considered FH, where μ(θ) is the mean function,
λk is the kth eigenvalue, and φk(θ) is the kth eigenfunction.
3. Materials
Mammograms from 500 women (250 cases, 250 controls) were selected from CAHRES (CAncer and Hormone
REplacement Study), a population-based breast cancer case-control cohort initiated in the mid-1990s19. For women
diagnosed with cancer, we used the image of the contralateral breast, whereas for controls an image of a single side
was selected at random. We used the mediolateral oblique (MLO) view since it offers the best opportunity to visualize
the maximum amount of breast tissue in a single image. All mammograms included here were taken within two years
prior to diagnosis (cases) or prior to date of questionnaire. Mammograms were digitized with an Array 2905HD Laser
Film Digitizer, Array Corporation, Hampton, NH, USA. Density resolution was set at 12 bit, spatial resolution at 5.0
mm and optical density at 0-4.7. The size of the images was 4770 × 3580 pixels. For the present study we used data
on age and body mass index (BMI) which was available for all included women. For each image, area based PD had
been measured using the user-assisted approach of Cumulus20 and PD was square-root-transformed prior to analysis.
4. Experiments
We will refer to the four segmented regions as 1, 2, 3, and 4 corresponding respectively to fatty, semi-fatty, semi-
dense, and dense tissue. The segmentation is cleaned using a morphological erosion with a square structural element
of width 3 pixels. Once the images were segmented, the FH was applied to measure the relative position between
each pair of regions and the shape of each region. To reduce the computational complexity of the FH, we rescaled
each image to 20% of its original size (This reduce the FHs computation time from 367 seconds to 11 seconds). The
number of angles was set to 180 for the spatial relations FH and 90 for the shape FH (in both cases a step of π/90
was used). We carried out a separate fPCA of each of the ten FHs. From each analysis we retained only the K ﬁrst
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functional principal components which accounted for a cumulative variance of 85 %. The number of retained fPCs
was the same for both segmentation methods.
For each segmentation method, we included the (ﬁve) retained fPCs for the shape FHs, along with age, BMI and
PD, as covariates in a logistic regression model for case-control status. To evaluate whether the fPCs add signiﬁcant
information to the other factors, we used a likelihood ratio test with degrees of freedom equal to the number of the
considered fPCs. We repeated the same procedure using the (14) retained fPCs for the spatial relations.
We obtained evidence that spatial relations hold important information associated with the risk of breast cancer
which is independent of PD (p= 0.009); Table 1. We note that without adjusting for PD, the signiﬁcance of the spatial
fPCs was similar (Table 1) and that the estimated coefﬁcient for PD was hardly changed by including the fPCs in the
model (data not shown), suggesting that the effects of PD and the fPCs are largely independent of each other. For both
segmentation methods, the shape did not add signiﬁcant information for explaining case-control status. The fPCs
Table 1. P-values obtained from likelihood ratio tests using two different segmentation methods.
with adjustment for age, BMI, PD with adjustment for age, BMI
Segmentation method Shape Spatial Relations Shape Spatial Relations
fuzzy c-means 0.186 0.009 0.093 0.007
Otsu 0.159 0.044 0.087 0.030
of the relative position of the different regions to the fatty breast edge (region 1) appear to be the most important. A
stepwise selection of fPCs (using the step command in R) retained fPC212, fPC
2
13, fPC
1
14 and fPC
1
23 for fuzzy c-means
segmentation and fPC212, fPC
2
13, fPC
1
14 and fPC
1
34 for Otsu’s method (where fPC
i
xy denotes the i
th fPC for the spatial
relations FH of the regions x and y). For both segmentations, fPC212 is the strongest component associated with breast
cancer status. Figure 4 shows the modes of variation plots for the ﬁrst two fPCs of spatial relations between regions
1 and 2, along with a plot of its FH data (Figure 4(a)), for the fuzzy c-means segmentation method. fPC212 appears,
loosely speaking, to be contrasting the magnitudes of the FHs at angles of around 175°and 50°(Figure 4(c)).
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Fig. 4. Illustration of the modes of variation for the FH of spatial relations between regions 1 and 2. (a) shows FH12 for all images. The ﬁrst and
the second modes of variation are displayed in (b) and (c) respectively.
5. Discussion
In this article we have presented a new way to analyze mammograms by studying the shapes of different types
of tissue and their spatial relationships. All descriptions were encoded using forces histograms, which provide fuzzy
quantitative representations of the relative positions between pairs of regions and of the shape of each region. Vari-
ations in the FH functions across mammograms were captured using a functional principal component analysis. We
showed that the investigated spatial relations features jointly add signiﬁcant information (p= 0.009) to the model thus
paving the way for an extensive validation on larger datasets of both analog and digital mammograms as well as a bi-
ological interpretation of these ﬁndings. Assuming these results can be validated, their (biological) interpretation will
require an in-depth study of the retained fPCs to more closely identify which spatial relationships yield information
associated with cancer risk. In order to interpret such results it may be necessary to scrutinise carefully individual
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images and modify the FH approach to obtain metrics under speciﬁc assumptions concerning the segmented regions.
Examples of such metrics are the surroundness and the inner-adjacency16.
Rotation invariance of the FH can be deduced from its deﬁnition, since a rotation from an angle can be considered
as a translation of the FH of the number of bins corresponding to that angle. This property could be exploited to
address inconsistencies in the way that the breast is positioned in the mammogram. For instance, an angle of 45°
could be ﬁxed as a reference, and according to the angle of the pectoral muscle in relation to the horizontal axis of the
image, the FH could be translated to the left or to the right.
In our study we have used only one projection image of the breast (MLO). Taking into account another mam-
mogram view, such as the Cranio-Caudal view, could help to predict cancer risk more accurately by adding more
precise information about the relative positions of the different types of tissue. It would also be interesting to ex-
tend the method described here to MRI images, which provide a detailed 3D view of the breast where patterns of
ﬁbroglandular tissue are clearly visible and not subject to tissue overlapping.
We envisage that the approach we describe will be useful in several breast cancer research contexts, for example,
for studying differences between breast cancer subtypes (which can be deﬁned in different ways, e.g. by tumor grade
or by estrogen receptor status) and for studying the role of density in screening sensitivity. In each case, different
aspects of density are likely to be important and application of our comprehensive approach to studying shape and
spatial relations may generate speciﬁc, testable hypotheses.
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